The homotopy principle in the existence level for maps 
with only singularities of types A, D and E 
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Abstract 

Let N and P be smooth manifolds of dimensions n and p (n > p > 2) re- 
spectively. Let Q(N,P) denote an open subspace of J°°(N,P) which consists of 
all regular jets and jets with prescribed singularities of types A4, Dj and E k . An 
f]-regular map / : iV — > P refers to a smooth map having only singularities in 
Q(N,P) and satisfying the transversality condition. We will prove what is called 
the homotopy principle for O-regular maps in the existence level. Namely, a con- 
tinuous section s of Q(N,P) over iV has an O-regular map / such that s and j°°f 
are homotopic as sections. 

Introduction 

Let N and P be smooth (C°°) manifolds of dimensions n and p respectively with n > 
p > 2. Let Ak, Dk and Ek denote the types of the singularities of function germs studied 
in [Ar]. We say that a C°° stable map germ / : (N,Xq) — > (P,yo) has a singularity of 
type Ak, Dk or Ek, when / is C°° equivalent to g : (R n , 0) — > (R p , 0), which is a versal 
unfolding of the function germ with respective singularities as follows. Here, we assume 
n > p > 2 only when we deal with the singularity of types Dk and Ef.. We take the 
coordinates 

x = 0^1 5 • • • > x p-ki x pi • • • j x n-li ^0) • • • j tk-2, u) for Ak, 

x = Oi, . . . , x p _k, x p ,..., x n _ 2 , to,..., tk-2, u, t) for D k and E k , 

and (yi, ... , y p ) of R p . Then g is expressed by 

y,i o g(x) = Xi for 1 < i < p — k, 

V% ° gix) = ti-p+fc-i for p - fc < i < p - 1, 

and by y p o g(x), which is written as 
(A k ) ±u k+1 + Yll=l U-iu* ±x 2 p ±---± xl_ x (k > 1), 
(D k ) u 2 £ ± i^ 1 + t u + hi + Et 2 2 Ut + Q (fc > 4), 
(E 6 ) u 3 ± £ 4 + + hi + t 2 u£ + t z i 2 + Uuf + Q, 
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(E 7 ) u 3 + u£ 3 + t u + t-JL + t 2 u£ + t 3 £ 2 + t 4 £ 3 + t 5 £ 4 + Q, 

(E 8 ) u 3 + £ 5 + t u + t x £ + t 2 u£ + 1 3 £ 2 + Uuf + 1 5 £ 3 + t 6 u£ 3 + Q, 

where Q = ±x\ ± • • • ± x 2 n _ 2 ([Ar], [Mathl, (5.8)] and [Mo]). 

In [B] there has been defined what is called the Boardman-Thom manifold ^(A, P) 

k-i 

in J°°(A, P). For the symbol / = (n — p+1, 1, • • • , 1, 0), a smooth map germ / : (A, x) — > 
(P, y) has x as a singularity of type A k if and only if j%°f e £ 7 (A, P) and j°°f is transverse 
to S 7 (A, P) (see [Mo]). By using the method developed in [B], we have constructed in 
[An3] the submanifolds ZD k (N,P) (k > 4) and ZE k (N,P) (k = 6, 7 or 8) in J°°(N,P), 
which play the similar role for the singularities D k and E k respectively as S J (A, P) does 
for A k . Let Q(N,P) denote an open subset of J°°(N,P), which consists of all regular 
jets and a number of prescribed submanifolds HAi(N,P), HDj(N, P) and Y,E k (N,P). It 
is known when Q(N, P) becomes open by the adjacency relations of these singularities 
given in [Ar, Corollary 8.7] (Lemma 3.5). It is known that Q(N,P) is the subbundle of 
J°°(A, P) with the projection x 7Tp , whose fiber is denoted by fl(n,p). A smooth map 
/ : N -> P is called an tt-regular map if and only if (i) j°°f(N) C Q(N, P) and (ii) j°° f 
is transverse to all S^(A,P), EDj(N,P) and SP fc (A,P) in Sl(N,P). 

We will study when a given continuous map is homotopic to an f2-regular map. Let 
Cq(N,P) denote the space consisting of all f2-regular maps equipped with the C°°- 
topology. Let Tq(N,P) (resp. Fq(N,P)) denote the space consisting of all continuous 
sections (resp. sections transverse to all EJQ(iV, P) for Xi = A i: Di and EA of the fiber 
bundle 7r~|Q(A", P) : Q(N,P) — > N equipped with the compact-open topology. Then 
there exists a continuous map 

j a :Cf?(N,P)^r a (N,P) 

defined by jci(f) = j°°f- It follows from the well-known theorem due to Gromov[Gl] 
that if A is a connected open manifold, then jn is a weak homotopy equivalence. This 
property is called the homotopy principle (the terminology used in [G2]). If A is a closed 
manifold, then it becomes a hard problem for us to prove the homotopy principle. As 
the investigation preceding [Gl], we should refer to the Smale-Hirsch Immersion Theorem 
([HI]), the fc-mersion Theorem due to [F] and the Phillips Submersion Theorem for open 
manifolds ([P]). Du Plessis has introduced the extensibility condition under which the 
homotopy principle holds for maps with certain Thom-Boardman singularities in [duPl], 
or with prescribed C°° simple singularities in [duP2]. Eliasberg has proved in [El] and 
[E2] the homotopy principle in the 1-jet level for fold-maps. In [An9] we have proved 
the homotopy principle in the existence level for maps with prescribed Thom-Boardman 
singularities in dimensions n > p > 2. 

We prove the following theorem for closed manifolds. 

Theorem 0.1. Let n > p > 2. Let N and P be connected manifolds of dimensions n 
and p respectively with dN = 0. Assume that Q(N,P) contains SA^A, P) at least. Let 
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C be a closed subset of N . Let s be a section of Tq(N, P) which has an Q-regular map g 
defined on a neighborhood of C into P, where j°°g = s. 

Then there exists an Vt-regular map f : iV — > P such that j°°f is homotopic to s 
relative to a neighborhood of C by a homotopy S\ in Tq(N, P) with s = s and s 1 = j°°f. 

This theorem has been stated in [An2, Theorems 1.1 and 2.1] and has generalized 
[Anl, Theorem 1]. However, the proof of Theorem 0.1 was not given, because a more 
general theorem was possibly supposed to appear. As far as the author knows, the proof 
of Theorem 0.1 has not been published until now. Recently, it turns out that this kind 
of the homotopy principle has many applications. Theorem 0.1 is very important even 
for fold-maps in [An6, Theorem 1] and [An7, Theorems 0.2 and 0.3] and the homotopy 
type of fl(n,p) associated to fold-maps, which consists of all regular jets and jets with 
Ax-singularities, are determined in [An5] and [An7]. The famous theorem about the 
elimination of cusps in [LI] (see also [T]) is now a simple consequence of these theorems. In 
[Sadyl] Sadykov has applied [Anl, Theorem 1] to the elimination of higher A& singularities 
(k > 3) for Morin maps between orientable manifolds when n — p is odd. We can describe 
the cobordism group of maps with prescribed singularities of types A, D and E in terms 
of certain stable homotopy groups by using the result in [AnlO, Theorem 4.2]. 

We refer the reader to [Saek] and [Sady2] as other applications of the homotopy prin- 
ciple. 

We give the following application of Theorem 0.1. 

Theorem 0.2. Let n > p > 2. If n — p is even, then we have 

(1) a smooth map f : N — > P admitting only singularities of types Ai (i > 1) and Dj 
(j > 4) is homotopic to a smooth map admitting only singularities of types Ai (i > 1), 
_D 4 and D 5 , 

(2) a smooth map f : N — > P admitting only singularities of types Ai (i > 1), Dj 
(j > 4) and E^ (8 > k > 6) is homotopic to a smooth map admitting only singularities of 
types Ai (i > 1), D<±, D 5 and E$. 

In Section 1 we explain notations which are used in this paper. In Sections 2 and 3 
we review the definitions and the fundamental properties of the Boardman submanifolds, 
HDk(N, P) and HEk(N, P) respectively. In Section 4 we give Theorem 4.1 which is a 
simpler version of Theorem 0.1. We will prove Theorem 0.1 by the induction, and prepare 
a certain rotation of the tangent spaces defined around the singularities in N to deform 
s. In Section 5 we prepare several lemmas which are necessary in the deformation of s. In 
Section 6 we prove Theorem 4.1. In Section 7 we prove Theorem 0.2 by applying Theorem 
0.1. 

The author would like to thank the referee for his kind and helpful comments. 

1 Notations 

Throughout the paper all manifolds are Hausdorff, paracompact and smooth of class C°°. 
Maps are basically continuous, but may be smooth (of class C°°) if necessary. Given a 
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fiber bundle it : E — > X and a subset C in X, we denote 7r _1 (C) by F|c. Let 7r' : F — > F 
be another fiber bundle. A map b : E ^ F is called a fiber map over a map 6 : X — > F if 
n f o b = b o n holds. The restriction fe|(F|c) : F|c — > F (or F\^c)) is denoted by 6|c- In 
particular, for a point x & X, E\ x and 6^ are simply denoted by E x and b x : E x F^ x ) 
respectively. We denote, by b F , the induced fiber map b*(F) — > F covering 6. For a map 
j : W — > X, let (boj)*(b) : j*F — > {bo j)*F over W be the fiber map canonically induced 
from 6 and j. A fiberwise homomorphism F — > F is simply called a homomorphism. For 
a vector bundle F with metric and a positive function 5 on X, let D$(E) be the associated 
disk bundle of F with radius S. If there is a canonical isomorphism between two vector 
bundles F and F over X = Y, then we write F = F. 

When F and F are vector bundles over X = Y, Hom(F, F) denotes the vector bundle 
over X with fiber Hou^Fj., F x ), x G X, which consists of all homomorphisms F x — > F x . 

Let J k (N,P) denote the fc-jet space of manifolds X and P (k may be oo). Let 7r^ 
and 7Tp be the projections mapping a jet to its source and target respectively. The map 
tt% x np : J k (N, P) — > X x P induces a structure of a fiber bundle with structure group 
L k (p) x L k (n), where L k (m) denotes the group of all fc-jets of local diffeomorphisms of 
(R m ,0). The fiber (vr^ x n$)-\x,y) is denoted by J k y (N,P). 

Let ttn and i\p be the projections of X x P onto X and P respectively. We set 

J k (TN, TP) = Rom(n* N (TN) © S 2 (n* N (TN)) © • • • © S k (7r* N (TN)), ?r P (TF)) (1.1) 

over NxP. Here, for a vector bundle F over X, let S l (E) be the vector bundle U xe xS l (E x ) 
over X, where S % (E X ) denotes the i-fold symmetric product of E x . If we provide X and P 
with Riemannian metrics, then the Levi-Civita connections induce the exponential maps 
exp^ : T X N — > X and exp P : T y P — > F. In dealing with the exponential maps we 
always consider the convex neighborhoods ([K-N]). We define the smooth bundle map 

J k (N, P)^J k (TN, TP) over NxP (1.2) 

by sending z = j k f G J k y (N,P) to the fc-jet of (exp P)2/ ) _1 o / o exp^ at G T X N, 
which is regarded as an element of J k (T x N,T y P)(= J k y (TN,TP)). The structure group 
of J k (TN, TP) is reduced to 0(p) xO{n). 

Recall that S l (E) has the inclusion S l (E) — > ©*F and the canonical projection &E — > 
S l (E) (see [B, Section 4] and [Mats, Ch. Ill, Section 2]). Let Fj be subbundles of F 
(j = 1, • • • , r ). We define E 1 0---QE i = 0) = iEj to be the image of E l <g> ■ ■ ■ <g> E t = 
®) =1 Ej -> ®*F -> S*(F). When F i+i = • • • = F i+£ , we often write E 1 Q ■ ■ ■ O Ej O l 
E j+1 O E j+e+1 O • • • O Ei in place of 0$=i-Ej- 

2 Boardman manifolds 

We review well-known results about Boardman manifolds in J°°(X, P) ([B] and [L2]). Let 
= (*i, *2, • ' ' , • ' ' ) be a Boardman symbol, which is a sequence of nonnegative integers 
with ii > i 2 > ■ • • > i k > • • ■ ■ Set I k = (i u i 2 , • • ■ , i k ) and (4, 0) = (h,i 2 ,--- , h, 0)- In 
the infinite jet space J°°(X, F), there have been defined a sequence of the submanifolds 
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X/ 1 (JV, P) D • • • D E /fc (iV, P) D ■ ■ • with the following properties. In this paper we often 
write E /fc for E /fc (JV, P) if there is no confusion. 

Let P = (7rp°)*(TP) and D be the total tangent bundle defined over J°°(JV,P). We 
explain an important property of the total tangent bundle D, which is often used in this 
paper. Let / : (JV, x) — > (P, y) be a germ and F be a smooth function in the sense of 
[B, Definition 1.4] defined on a neighborhood of j£?f. Given a vector field v defined on 
a neighborhood of x in JV, there is a total vector field D defined on a neighborhood of 
j™f such that DF oj°°f = v(F o j°°f). It follows that cJ(j°° f)(v)(F) = DF(j°°f) for 
d(j°°f) : TJV -> T(J°°(N,P)) around x. This implies d(j°°f)(v) = D. Hence, we have 
D ^ (tt^)*(TJV). 

First we have the first derivative d± : D — > P over J°°(JV, P). We define E Jl (JV, P) to 
be the submanifold of J°°(JV, P) which consists of all jets 2 such that the kernel rank 
of d lz is %\. Since d\\YJ\{N,p) is of constant rank n — i 1 , we set K x =Ker(di) and 
Qi =Cok(di), which are vector bundles over E Jl (JV, P). Set K = D, P = P and 
E 7 °(JV, P) = J°°(JV, P). We can inductively define E /fe (JV, P) and the bundles K k and P fe 
over E /fe (JV, P) (A; > 1) with the properties: 

(1) K fc _i| E 7 t(JV)P) D K fe over E 7 <=(JV,P). 

(2) K,t is an ^-dimensional subbundle of T(S /fc - 1 (JV, P))|s 7 fc(Arp)- 

(3) There exists the (/c + l)-th intrinsic derivative dfc +1 : T(E /fc - 1 (JV, P))| s / fc( - Arp - ) — >■ P& 
over E /fe (JV, P), so that it induces the exact sequence 

-+T(E'*(JV, P)) inc ^ ion T(E^(JV, P))| S , W) ^ P fe - over E'*(JV, P). 
Namely, d fc+1 induces the isomorphism of the normal bundle 

!/(/* C 4_0 = (T(^(N,P))y k{NjP) )/T(^(N,P)) 

of E /fe (JV,P) in E^-!(JV,P) onto P fc . 

(4) E /fc+1 (JV, P) is defined to be the submanifold of E 7fe (JV, P), which consists of all 
jets z with dim(Ker(d fc+ i i2 |K M )) = i k+1 . 

(5) Set K k+1 =Ker(d fe+1 |K fc ) and Q fc+ i=Cok(d fc+1 |K fe ) over E^+^JV, P). Then it 
follows that (K fc | E / fc+1(JV)P) ) nT(E /fc (JV,P))| s / fc+1(AriP) = K fe+1 . 

(6) The intrinsic derivative 

d(d k+1 \K k ) : T(^(N,P))y k+1{NtP) -> Hom(K fc+1 ,Q fc+1 ) over E^+^P) 

of d fc+1 |K fe is of constant rank dim(E /fc (JV, P)) — dim(E /fc + 1 (JV, P)). We set P^+i = 
Im(d(dfc + i|Kfc)) and define d k+2 to be 

dfc+2 = d(d k+1 \K k ) : T(E 4 (JV, P))| E / fc+1(AriP) -> P fc+ i 

as the epimorphism. 

(7) The codimension of E /fe (JV,P) in J fe (JV,P) is described in [B, Theorem 6.1]. 

(8) We define E /fe '°(JV, P) = E /fc (JV, P) \ E /fc +i(JV, P). 
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(9) The submanifold E 7fe (iV, P) is actually denned so that it coincides with the inverse 
image of the submanifold in J k (N, P) by 7r£°. 

We apply the above construction to the two symbols J = (n — p + 1, 1, • • • , 1, • • • ) and 
3 = (n — p + 1, 2, 1, • • • , 1, • • • ). For both symbols, we write K and Q for Ki and Q x 
respectively in the rest of the paper. We have dimK = n — p + 1, dimQ = 1 and 

d 2 : T(J°°(iV,P))| s „- P+W) — P! = Hom(K, Q) over £ n - p+1 (iV, P). (2.1) 

When k > 2, we usually write Kj[, Q£, Pj[ and d£ in place of K fc , Q k , P k and d k 
respectively for / = J and 3- 

We first deal with the symbol J. In this paper Y, Jk (N, P) and £ Jfc '°(iV, P) are often 
denoted by HA k (N, P) and Y,A k (N, P) respectively. 

(J-l) We have that dimK^ = 1, =Hom(O fc_1 K2 , Q)\jiA k an d the exact sequence 

^T(Y;A k (N : P)) ^ T(SZ fc _ 1 (iV,P))| s ^ d M P J k - Hom(O fe K 2 J ,Q)| S A fc - 0. (2.2) 

Set v(A k C Ak-i) = v(Jk C Jfc-i). Then d^ +1 induces the canonical isomorphism i/(^4 fc C 
3*-i)->P£- 

( J-2) £ Jfc (iV, P) is of codimension n - p + k in J°°(iV, P). 

( J-3) A smooth map germ / : (N, x) — > (P, y) has i as a singularity of type A k if and 
only if j°°f is transverse to £ Jfc '°(iV,P) at a; and j™f £ S Jfc -°(iV,P) (see [Mo]). 

We next turn to the symbol 3 = (n—p+ 1, 2, 1, • • • , 1, • • • ). Then we have the following 
by using [B, Corollary 7.10]. 

(5-1) We have that dim Kg = 2, Qg = Hom(Kg, Q)| S 3 2 , 

d 3 . T(S n- P+ i (iV) p ))|s32 p 3 ^ Hom(0 2 Ki Q)| s32 , (2.3) 

and the exact sequence 

-> -»• Kf Hom(0 2 K^, Q) -> Hom(Kg O , Q) -> over £ 3a (iV, P). (2.4) 

Here, Kg (=Ker(dg|Kg)) and Im(dg|Kg) Hom(Kg/Kg O Kg/Kg, Q)| E a 3 are of dimen- 
sion 1 and Qg = Hom(Kg O Kg, Q)j s j 3 with dimQg = 2. 

(3E-1) Since Pg = Hom(Kg, Qg) = Hom((0 2 Kg)OKg, Q)| s a 3 , we have the epimorphism 

dj :T(^(N,P))y 3 ^Hom((0 2 K5)OKiQ)| s33 . (2.5) 

(3E-2) By Kg = Kg| s a 4 , Qg = Hom((0 2 Kg) 04 Q)| s34 and Pg = Hom(Kg, Qg) = 
Hom((0 3 K4) O Kg, Q)|s3 4 , we have the epimorphism 

dg:T(£ 3 «(iV,P))| s a 4 ^Hom((0 3 K^)OKiQ)| s a 4 . (2.6) 

(3E-3) The homomorphisms dg, dg and dg induce the homomorphisms 

dg : 3 Kf -> Q over S 3a (AT, P) , 

dg : (0 3 K^) OK^Q over &(N, P), (2.7) 
dg : (0 4 Kf) O Kg -> Q over E 54 (iV, P) 

respectively. 
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3 Submanifolds ED k (N, P) and EE k (N, P) 



In this section we review the definition and the properties of the manifolds Y*X k (N, P) 
and HX k (N,P) for X k = D k and E k in [An3]. We identify, as usual, Hom(0 3 R 2 ,R) 
with the set of all cubic forms with variables u and v on R 2 . By [Ar, Lemma 5.1] it is 
decomposed into the five manifolds Sf, S5, Se and which are orbit manifolds by GL(2) 
through u 2 £±£ 3 , u 2 £, u 3 and respectively. Let us recall the bundle Hom(0 3 K2, Q) over 
£ 32 (iV, P). Then we obtain the subbundles St (O a K$, Q), 5 5 (0 3 K^, Q), S E (0 3 Kl Q) of 
Hom(0 3 K2, Q) associated to Sf, S 5 , Se respectively. Let u(X k+1 C X k ) be the normal 
bundle (T(SX fc (iV,P))| EXfc+i )/T(SX fc+1 (iV,P)) and set u(X k+1 C X k ) = u(X k+1 C 

X k )\xx k+1 - 

Let us consider df | s a 2 ,o : O 3 ^ — > Q over £ 32,0 (iV, P). We define the submanifolds 
EDt(N,P) = (d^y 1 (S±(0 3 KlQ)), 

sp 5 (iv,p) = (dly^y 1 (s 5 (0 3 kIq)) 

in £ 32,0 (iV, P) respectively. Its transversality follows from [An3, Proposition 3.5]. 

(D-i) We set EP 4 (A,P) = £P+(A,P) U £P>7(iV,P), and SP 4 (A,P) = £ 32 >°(A,P). 
Since df|Kf : Kf -> Hom(0 2 K^, Q) over S 32 >°(A,P) is injective, it follows that = 
(T(S3!(A,P)) n K)| E32WP) and nT(S3 2 '°(A,P)) = {0}. 

(D-ii) There exist a small neighborhood U(T,D 5 ) of SP 5 (A, P) in S 32 -°(A, P) and the 
line bundle L defined over EP 5 (A, P), which is uniquely extended to the subbundle L over 
P(SP 5 ) of such that for any z G SP 5 (A,P), L z coincides with (dJjKjJ -1 (H z ), 
where H z is the subset of Hom(0 2 K2 , Q z ) of all quadratic forms of rank 1 or 0. Fur- 
thermore, we have Cok(dj[|Kf) = Hom(0 2 L, Q) over ED 5 (N,P). 

(D-iii) Let z G P(SP 5 ). Then z lies in SP 5 (A, P) if and only if the restriction 
d§ z I O 3 L z is a null homomorphism. 

(D-iv) We successively construct the submanifolds HD k (N, P) (k > 5) with XP^iV, P) 
D U(Y,D 5 ) D SP 5 (A, P) D • • • D SP fc (A, P) D • • • and the homomorphisms 

r 3 : 3 L^ Q over [/(AO and r fe _i : -> Q over SP fc (A,P) (jfe > 5) (3.1) 

with the following properties: 
(D-iv-1) d^O 3 L= r 3 . 

(D-iv-2) SP fc (A, P) is of codimension n - p + k in J°°(N, P). 

(D-iv-3) An element 2 G [/(ED5) lies in HD^N, P) if and only if r3 i2 vanishes. An 
element z G YtD k (N, P) lies in ~ED k+ i(N, P) if and only if r£_i )2 vanishes. 
(D-iv-4) The intrinsic derivative of r^-i 

dfa-x) : T(SP fe (iV,P))| El5fc+i - Hom^L, Q)^ (3.2) 
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is surjective. In other words, is, as a section, transverse to the zero-section of 

Hom(O fc " 1 L,Q)| •ED k 011 ^D k+ i(N, P). Then, d(r k _i) induces the isomorphism u(D k+1 C 

^ fc )-Hbm(0*- 1 L,Q)| 5 aj fcfl . 

(D-v) We define ZD k (N, P) = £P> fc (iV, P) \ ZD k+1 (N, P). Then a smooth map germ 
/ : (N,x) — > (P,y) has i as a singularity of type D k if and only if j°°f is transverse to 
Y>D k (N, P) at x and e Y,D k (N, P) . 

Next we turn to define T*E k (N, P). We note that the singularities E 6 , E 7 and E 8 
have the Boardman symbols (33,0), (^3,0) and (-34,0) respectively (the method for the 
calculation of Boardman symbols in [Math2] may be convenient). 

(E-i) We define HEq(N,P) to be the open submanifold of £ 33 '°(iV,P) which consists 
of all jets z such that djj O 4 Kj a does not vanish. We set £P 7 (iV,P) = S 3s -°(iV,P) \ 
EE 6 (N,P). Namely, for z e ZE 7 (N,P), djj O 3 O (K^/KjJ does not vanish. 

(E-ii) Define T,E 7 (N, P) in £ 33 (iV, P) to be the inverse image of the zero-section of 
cql 4 Kg over £ 53 (iV, P), which is regarded as the section over Y? Z (N, P). By Lemma 3.1 
(i) below, T,E 7 (N, P) is a submanifold of E 33 (iV, P) and the intrinsic derivative d(d"l\ O 4 
Kf) : T(S 33 (iV, P))| S £ 7 -> Hom(0 4 K^, Q)| sE? of df | O 4 is an epimorphism. Hence, 
we have the exact sequence 



K| z vanishes. This implies that £ 34 (iV,P) C T,E 7 (N,P). 

(E-iii) We define EP 8 (iV, P) to be the submanifold of T*E 7 (N, P) which consists of all 
jets z such that 



We have SP 8 (iV,P) C £ 34 (iV,P) by (i), (3E-2) and (E-ii). By (5) in Section2 for z e 
£ 34 (iV,P), Kj z n T z (£ 34 (iV,P)) = {0} if and only if z e £ 34 -°(iV,P). Hence, we have 

£P 8 (iV,P) C £ 34,0 (iV,P) by (ii). By Lemma|.l (ii) below, the section d 3 | O 3 K 3 O 
(Kl/Kl) of Hom(0 3 K^O ( K 2/ K 4)> Q) over SP 7 (iV, P) is transverse to the zero-section, 
whose inverse image of this section coincides with £ 34 (iV, P). Hence, £ 54 (iV, P) is a 
submanifold of £P 7 (iV, P) and the intrinsic derivative d(dl\ O 3 O (^2/^4)) over 
E^ 4 ( AT, P) is an epimorphism. Namely, we have the exact sequence 



- T(S 34 (iV,P)) - T(SP 7 (iV,P))| E34 - Hom(0 3 Kf Q (K^/Kf), Q)| e34 - 0, 



-> T(SP 8 (iV,P)) - T(SP 7 (iV,P))| E „ - Hom(Q 3 Kf Q (K^/K 3 ), Q)| SSs - 0. 



Let 2 G £ 34 (iV,P). Since Kj 2 



-> T(SP 7 (iV, P)) ^T(S 33 (AT, P)) I 





which yields 



(3.4) 




EB6 ^{0} and K3 



Sf?6 nT(SP 6 (iV, P))={0}. 
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(E-iii-b) Since nT(£ 33 ' (jV, P)) ={0}, we have Kj[| SB7 nT(S 33 '°(iV, P))\ze 7 ={°}- 
(E-iii-c) Let r : Hom(0 3 K20K^, Q)|sb 8 -> Hom(0 4 Ki Q)| Ej e 8 be the map induced 
from the restriction. From this definition, it follows that 

r o df |(Kf k Es ) =d(dj| O 4 Kf)|(K2 | SS8 ) : K^s -> Hom(0 4 Ki Q)| SSs 

is an isomorphism. From (3.3), it follows that K^s^ nT(S£ 7 (iV,P))| SE8 ={0}? an d 
the inclusion K.^\se 8 <^->T(£P 6 (iV, P))\-ze s induces the isomorphism K^lsBg — > C 

E6)\sE 8 - 

(E-iv) T,E k (N, P) is of codimension n- p + k in J°°(N,P). 

(E-v) A smooth map germ / : (A, x) — > (P, y) has x as a singularity at x of type 
if and only if j°°f is transverse to ZE k (N, P) at x and G ZE k (N, P). 

When we deal with only f2-regular maps, it is convenient in the proof of Lemma 3. 1 and 
also in the calculation of Thom polynomials of £P fc (iV, P) in [An4] to set T,E 6 (N, P) = 
E&(N,P) and EE 8 (N,P) = £ 34 (iV,P), since we can readily deal with E 3s (A,P) and 
X 34 (iV, P). This does not matter, since the subset of all jets z G S 34,0 (iV, P), such that 
df | O 5 K4 z vanishes and df | O 4 K4 2 O (^2 z/Kf ) does not vanish, has modality ([Ar, 
Lemma 6.1, 7°]). Namely, such a jet is not simple and does not appear in Q(N, P). 

Lemma 3.1. (i) The section df\ O 4 of Hom(0 4 K^, Q) over S 5a (TV, P) is transverse 
to the zero-section on £P 7 (iV, P). 

(ii) The section di\0 3 KlO(K%/Kl) o/Hom(0 3 KfO (Kf/Kf), Q) over £P 7 (iV, P) 
is transverse to the zero-section on XP 8 (iV, P). 

Proof. The proof is very like the proof of [An3, Lemmas 3.4 and Proposition 3.5]. We 
only give the proof of (i), since the proof of (ii) is similar. 

Take an element z G XP 7 (iV, P) over (xo,yo)- We choose local coordinates x = 
(xi, • • • ,x n -2,u,£) around xq and y = (yi, • • • ,y p ) around yo such that z is expressed 
as j^h z with 

yi oh z (x)=Xi (1<«<P-1), 

y p o h z (x) = ±x 2 p ± • • • ±x 2 n _ 2 + h z (x u ■ ■ ■ ,x p _i,w,f), (3.5) 

where h z G (xi, ■ • ■ ,x p -i,u,£) 2 and (cfth* / d£ 4 )\ x= o = 0. Let S Xl ,--- ,S Xn _ 2 , 5 U and 5e 
express the vector fields of the total tangent bundle D, which correspond to the coor- 
dinates x±, ■ ■ ■ ,x n -2,u,£ respectively defined in [B, Definition 1.6] (we avoid to use the 
notation used there, which are used for the singularities D k ). Then K 2 is spanned by 
5 Xp , ■ ■ ■ , S Xn _ 2 , 5 U and Se, spanned by 5 U and Sg, Kf^ spanned by 5e, and Q 2 spanned 
by the image of d/dy p , say e p . We consider the submanifold S in S 3s (A, P) fl yo (N, P), 
which consists of all jets j^°h such that yi o h(x) — Xi (1 < i < p — 1) and that 
y p o h(x) — y p o h z (x) + h(x\, • • • , x p -i, u, £), where h is a polynomial of degree 5. Then 
the vector fields 5e and e p determine the trivializations K3I5 = SxR and Q|s = S x R 
respectively. Under these trivializations, we calculate d^ls : 4 K3|s — > Q|s as follows. 
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Let d j = a j 5e (1 < j < 4) be the vector fields of K^| 5 . Then we have 

df (d 1 Od 2 Od 3 d 4 ) = (a 1 d/d£)(a 2 d/d£)(a 3 d/d£)(a 4 d/d£)y p o h 

= a 1 a 2 a 3 a 4 (d 4 y p oh/de 4 ). 

This implies that dl\ s is transverse to the zero-section of Hom(0 4 K3, Q) at z G S fl 
HE 7 (N,P). Hence, (i) is proved. □ 

Remark 3.2. W^e can prove fry £/ie a&ove definition ofEXk(N, P) that the normal form 
for Xk in Introduction has the origin as the singularity of the type Xk respectively. 

Remark 3.3. (i) The submanifold E.D fe (iV, P) is actually defined so that it coincides with 
the inverse image of the submanifold in J k ~ 4 (N, P) by Tr k x L 1 . 

(ii) The submanifold T,E 6 (N,P) (resp. T,E 7 (N,P) andT,E 8 (N, P)) is actually defined 
so that it coincides with the inverse image of the submanifold in J 4 (N, P) by 7i%° (resp. 
in J 5 (N,P) by vrg ). 

Remark 3.4. We can entirely do the arguments in the definition of Boardman manifolds, 
HDi(N, P) and Y,Ej(N, P) on J (N,P) for a large I in Sections 2 and 3. We provide 
N and P with Riemannian metrics, which enable us to consider the exponential maps 
TN — > N and TP — > P by the Levi-Civita connections. For points x G iV , y G P 
and orthonormal basis of T X N and T y P, we take the associated convex neighborhoods 
U C N around x and V C P around y with the normal coordinate systems (xi,...,x n ) 
and (yi, ■■■,y p ) so that TU ~ U x T X N and TV wFx T y P by the connections respectively 
(see [K-N]). Let us define the canonical embedding fi^ : J e (TN,TP) — > J°°(TN,TP) 
by putting the null homomorphisms o/ Hom(S' t (7r^ r (TiV)), ir* p (TP)) as the i-th component 
for i > t. We regard /i^ as the map to J°°(N,P) under the identification (1.2). Any 
element z G ^(^(TN ,TP)) is represented by a C°° polynomial map germ f : (N,x) — > 
(P, y) of degree t under these coordinates. It is clear that o ^ = idje^NTP) an d 
/4 o itr\{»L{ATN,TP))) = id^ {Jl{TNtTP)) . 

We can prove that ^{^(j^tn^p)) ^ s tangent to ^(^(TN ,TP)). Indeed, let x G 
U C N and y G V C P be as above. For any poins u G U and v G V , we take 
the normal coordinate systems (ui,...,u n ) around u in U and (vi,...,v p ) around v in V 
associated to the orthonormal basis of T U U and T V V , which are induced from the above 
orthonormal basis of T X N and T y P by the parallel transformation along the geodesies of 
x to u and y to v respectively. We note that ui, u n are smoooth functions of x±, x n . 
Let a = (o"i, a n ) with non-negative integers o~i. We define the coordinate system X; t , Yj 
and W jtff of J°°(TU, TV) by 

X t = Xl o tt~ Yj = y 3 o tt~ W^Uuf) = d H ^ Q/) H, 

where \a\ > and Yj = Wj j0 for \a\ — 0. In the definition, we should note that the normal 
coordinate systems (ui, ...,u n ) and (v±, ...,v p ) vary depending on points u and v. 
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A smooth function $ defined on an open subset of fi e OQ (J e (TN,TP)) is written as 
$ o o 7r^° on the same open subset. Hence, $ is extended to ($ o /x^) o nf defined on 
an open subset of J°°(TN,TP) , which is a smooth function in the sence of [B, Definition 
(1-4)] ■ Let us consider the total tangent bundle D defined on J°°(TN,TP) = J°°(N,P) 
and its vector field Di corresponding to d/dxi. By using [B, (1.8)], we have, for z = 



(i) if we define = -^(u), then they are smooth functions of x 1 , x n , 

(™) = With °' = ■■■,°~h-l,Cr h + ...,<7„), 

(Hi) \cr\ < £ — 1; since Wj tU > vanishes for \a\ — I. 

Since $ is a function of variables Xi, Yj and W^ c with \a\ < £, so is Therefore, 
Di is tangent to [/^(^(TN \TP)) at z for each i. Since D is generated by D i} D 2 is 
tangent to ^(^(TN^TP)) at z. 

For a symbol / = (ii, z 2 , • • • ,i r ) we define f2 7 (n,p) to be a subset of J°°(n,p) which 
consists of all Boardman manifolds £ J (n, p) with symbols J of length r satisfying J < I 
in the lexicographic order. The following lemma is well known. 

Lemma 3.5. f2 7 (n,p) is an open subset of J°°(n,p). 

We next describe the adjacency relations between T,Ai(n,p), T,Dj(n,p) and T,Ek(n,p) 
in J°°(n,p). This adjacency relations are quite parallel to the result given in [Ar, Corollary 
8.7]. However, we need to explain them, since £X,-(n,p) is not necessarily an orbit through 
the jet of a germ with singularity Xj given in Introduction by L°°(p) x L°°(n). 

Lemma 3.6. Let n > p > 2. A subset fl(n,p) consisting of all regular jets and a number 
of HAi(n,p), T,Dj(n,p) and T>Ek(n,p) is an open subset of J°°(n,p) if and only if the 
following three conditions are satisfied. 

(i) IfHAi(n,p) C Q(n,p), then HA^{n,p) C Q(n,p) for all £ with 1 < £ < %. 



(ii) 7/EDj(n,p) C Q(n,p), then 5L4^(n,p) (1 < £ < i) and EZ^(n,p) (4 < £ < i) are 
all contained in VL{n,p). 

(iii) IfEEi(n,p) C Vt(n,p), then ZA e (n,p) (1 < £ < i), ED e (n,p) (4 < £ < i) and 
T,Ee(n,p) (6 < £ < i) are all contained in Q(n,p). 



j^fefiUATN^P)), 



D0){z) 




dxi 
<9$ d(X, 



where 
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Proof. Suppose that Q(n,p) is open. Let z = j^°f be a jet of Y,Xi(n,p). Even if j°°f : 
(R n ,0) — > (J°°(n,p), z) is not transverse to £Xj(n,p), there exists a sequence {z k } with 

= jo°fk such that lim^oo^ = z, z k G £Xj(n, p) and j 00 /^ is transverse to £Xj(n,p) 
at 0. Therefore, (i), (ii) and (iii) follow from the adjacency relation in [Ar, Corollary 8.7]. 

We next assume (i), (ii) and (iii). Suppose to the contrary that Q(n,p) is not open. 
Then there exist a jet z G Q(n,p) and a sequence {z k } with z k = j^fk such that 
linn^oo Zk = z and z k ^ Q(n,p) for all k. If there exists infinite fc's with Zfc ^ il^ 4 '°^(n,p), 
then we have 2 ^ Q^ 4 '°\n,p) by Lemma 3.5. This is a contradiction. Note that 
£ j2 (n,p) \ (UZ^A(n,p)), E(^>°)(n,p) \ (U^SA(n,p)) and £*(ra,p) \ (uf =6 E^(n,p)) 
are closed subsets of £ j2 (n,p), SP 2 '°'(n,p) and S 33 (n,p) respectively. Hence, we may 
assume that there exists a number q and infinite fc's with ^ G EJ 9 (n,p). Let g be 
the smallest number among such number g's with z k G HX q (n,p). From the adjacency 
relation above there exists a number q > q such that z lies in HA q (n,p), T:D q (n, p) or 
luE q {n,p). Consequently, it follows that 

(A) if z G £A 9 (n,p), then we have that X qo = A qo and ^ G £A ?0 (n,p) C f2(n, p) by 

(i), 

(D) if z G T:D q (n,p), then we have that X go = A ?0 or D ?0 and z k G EX 90 (n,p) C 
tt(n,p) by (ii), 

(E) if z G S_E g (n,p), then we have that A go = A go , D qo or _E 90 and Zfc G SA" go (n,p) C 
fi(n,p) by (iii). 

This is a contradiction. □ 



4 Primary obstruction 

In what follows we set ZDj(N,P) = for 1 < j < 3 and ZEj(N,P) = unless 
6 < j < 8. For a_section s G r£(iV,P), we set S h (s) = s^^^N, P)), S Xk (s) = 
s-\EX k (N,P)), S Xk (s) = s- 1 (SX fc (iV,P)), where X fe £efers to A fc , D fc or E k . We have 
S Xk (s) = U^ k S x i(s). We often write S h , S Xk and S' Xfc by omitting (s) if there is no 
confusion. Furthermore, we set (s\S Xk )*(K) = K(S Xk (s)), (s\S Xk )*Q = Q(S Xk (s)) and 
(s\S Xk )*(K I j ) = K](S Xk (s)). 

We may assume that the section s given in Theorem 0.1 lies in Fq(N,P). Let C k +i 
refer to the union C U S Ak+1 (s) U S Dk+1 (s) U S Ek+1 (s) (k>0). We assume that there exists 
an fi-regular map 5^+1 defined on a neighborhood of C^+i, where j°°g k +i = s holds. 

Theorem 4.1. Let n > p > 2 and k > 1. Let N, P, tt(N, P) and s G T^(N, P) be given 
as in Theorem 0.1. Let C k+ i and g k+ i be given as above. Then there exists a homotopy 
s\ G Tq(N,P) relative to a neighborhood of C k+ \ with the following properties. 

(4.1.1) s = s and Sl G T^(N,P). 

(4.1.2) There exists an Q-regular map g k which is defined on a neighborhood of C k for 
k > 1 and on N for k = 1, where j°°g k = si holds. 

(4.1.3) In the situation that Q(N,P) does not contain T,Dj(N, P) or Y,E k (N, P) , we 
have that s^ 1 (EA i (N, P)) = s^^A^N, P))fork>i>l. 
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The case k — 1 of Theorem 4.1 follows from [An8, Theorem 0.5]. In fact, let iVo = 
N \ (S^ 2 (s) U S°*(s) U S^(s)), Q n -P +1 '°(N , P) = Z n - p (N , P) U E"- p+1 '°(7Vo, P) and U, 
U' be closed neighborhoods of C<i with U ClntC/', where #2 is defined. Since s G T^(iV, P), 
s|iV is a section of r^ n _ p+li0 (iVo, P) and g 2 \U' fl -/V is a fold-map. Hence, we obtain a 
homotopy u\ G T n n-p+i,o(N , P) relative to a neighborhood oi U f] N and a fold map 
/o : iV — > P such that Sol-Wo = Mo an d «i = j°°fo- Then we obtain a homotopy s\ 
required in the case k — 1 of Theorem 4.1 by defining sa|A^o = u\ and sa|^ = j°°92- 

We will prove Theorem 4.1 for k > 2 in Section 6. 

Here we give a proof of Theorem 0.1 by using Theorem 4.1. 

Proof of Theorem 0.1. We may assume without loss of generality that s G Tq(N,P). 
Then we may set C n+ i = C. By the assumption there exists the f2-regular map g n+ i = g 
defined on a neighborhood of C n+ i. Then we can prove Theorem 0.1 by the downward 
induction on k, and by using the above argument for the final step k — 1. □ 

Remark 4.2. In Theorem 0.1 we assume, in addition, that Q(N, P) does not contain any 
HDj(N,P) or SP fe (A^,P) and that s G T^(N,P). Then we have that s" 1 (ZA^N , P)) = 
s-^EA^iV,?)) = (j 00 /)- 1 ^^,^)) /or eac/i i with i>\. 

In what follows we take a number k with > 1. We begin by preparing several notions 
and results, which are necessary for the proof of Theorem 4.1. For the map gt+i and the 
closed subset C^+i, we take an open neighborhood U(Ck+i)' of Ck+i, where j°°gk+i = s. 
Without loss of generality we may assume that N\U (Ck+i)' is nonempty. Take a smooth 
function hc k+1 '■ N — > [0, 1] such that 



By the Sard Theorem ([H2]) there is a regular value r of hc k+1 with < r < 1. 
Then ^r) is a submanifold and we set [/(C^+i) = /i^ +i ([r, 1]). We decompose 
N \ Intt/(C , fc+i) into the connected components, say L 1; . . . , Lj, .... It suffices to prove 
Theorem 4.1 for each Lj{JlntU(C k+1 ). Since dN = 0, we have that N\U(C k+1 ) has empty 
boundary. If Lj is not compact, then Theorem 4.1 holds for Lj{JlntU(C k+1 ) by Gromov's 
theorem ([Gl, Theorem 4.1.1]). Therefore, it suffices to consider the special case where 

(CI) iV \ IntC/(Cfc+i) is compact, connected and nonempty, 

(C2) dU(Ck+i) is a submanifold of dimension n — 1, 

(C3) for the smooth function hc k+1 ■ N — > [0, 1] satisfying (4.1) there is a sufficiently 
small positive real number e with r — 2e > such that r — te (0 < t < 2) are all regular 
values of h Ck+1 - We have that h^ 1 ([r — 2s, 1]) is contained in U(C k+1 )'. 

We set U(Ck+i)t = ^c^ +1 ([ r — (2 — t)e, 1]). In particular, we have U(C k+ i)2 = U(C k+ ±). 
Furthermore, we may assume that 

(C4) s G T%(N,P) and S x i(s) (j < k) are transverse to dU(C k+1 ) and dU(C k+1 ) 2 
on a neighborhood of S Xk (s). 

In what follows we choose and fix a Riemannian metric of N, which satisfies 




for x G Cfc+i, 

for x £ N \ U(C k+1 )', 

for x G *7(C fc+ i)' \ C fc+ i. 



(4.1) 
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Orthogonality Condition: Let I — J or Z- If Kj(S Xk ) / Kj +1 (S Xk ) is of positive 
dimension, then K I -{S Xk ) / K I - +1 {S Xk ) is orthogonal to S j (s) in S ■»'- 1 (s) over S Xk (s) for 
k>j> l(S Io (s) =N). 

Let v(X k ) be the normal bundle (T(J°°(N, P))| sXfc )/T(£Z fe (7V, P)) and v{X k ) = 

v{X k )\Y,x k - Let jx : K — > v(X k ) over £X fc (iV, P) be the composition of the inclusion K — > 
T(J°°(N, P)) and the projection T(J°°(N, P)) -^u(X k ). We have the monomorphism 

j K o(s\S Xk ) K :K(S Xk )^K^v(X k ). 

For s G r^(JV, P), let n(s,X fc ) or simply n(X fc ) be the orthogonal normal bundle of 
S Xk (s) in N. Furthermore, we have the bundle map 

ds\n(s,X k ) : n(s,X k ) -> z/(X fc ) 

covering s| 1 S , - Yfc (s) : S^s) -> EX k (N,P). Let i n ( s ,x fc ) : n(s,X fc ) C TiV| 5 x fc denote the 
inclusion. We define ^/(s,X k ) : K(S Xk )\ s x k — > n(s,Xfc) C TN\ s x k to be the composition 

Ms,x k) o (cfaln^X*))- 1 o j K o (s\S Xk ) K \(K(S Xk )\ sXk ) 
: i^(^)| 5 x fc - z/(X fc ) - n(s,X fc ) - TiV| 5 * fc . 

Let ix(s x k) '■ K(S Xk ) — > TiV be the inclusion. 

Remark 4.3. If f is an Q-regular map, then it follows from the definition of the total 
tangent bundle D that iK(s x k(j°°f)) — f\ X k ) . 

In what follows let M = S Xk {s)\lnt(U{C k+1 )). Let Mono{K{S Xk )\ M , TN\ M ) denote 
the subset of Hom(K(S Xk )\M, TN\m), which consists of all monomorphisms K(S Xk ) c — > 
T C N, c G M. We denote the bundle of the local coefficients B(irj(Moao(K(S Xk ) c , T C N))), 
c G M, by B{jij), which is a covering space over M with fiber 7ij(Mono(K(S Xk ) c ,T c N)) 
defined in [Ste, 30.1]. From the obstruction theory due to [Ste, 36.3], it follows that the 
obstructions for i K ^ s x k)\M and \&(s, X k )\ M to be homotopic are the primary differences 
d{i K i S x k \\M, ^f(s, X k )\M), which are defined in the cohomology groups with local coeffi- 
cients iP(M, dM; B(7Tj)). We show that all of them vanish. In fact, we have that dim M = 
n—(n—p+k) = p—k < p—1. Since Mono(R"~ p+1 , R n ) is identified with GL(n)/GL(p—l), 
it follows from [Ste, 25.6] that 7r i (Mono(R ri " p+1 , R n )) 2* {0} for j < p - 1. Hence, 
there exists a homotopy i/j M (s,X k ) x : K(S Xk )\ M -> TN\ M relative to M n U(C k +i)i in 
Mono(K(S Xk )\ M , TN\ M ) such that ^ M (s, X fe ) = % (5 ^)|m and ^ M (s, X fc )i = *(s, X fe )| M 
by the definition of the primary difference. Let Iso(TN\m,TN\m) denote the subspace of 
H.om(TN\ M , TN\m), which consists of all isomorphisms of T C N, c G M. The restriction 
map 

r M : lso{TN\ M ,TN\ M ) -> Mono(K(S x ")\ M ,TN\ M ) 

defined by r M (h) = h\(K(S Xk ) c ), h G Iso(T c iV, T C N), induces a structure of a fiber bundle 
with fiber Iso(R p_1 , R p_1 ) x Hom(R p_1 , R n_p+1 ). By applying the covering homotopy 
property of the fiber bundle r M to the sections idxN\ M and the homotopy ip M (s, X k )\, 
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we obtain a homotopy \I/ M (s, X k ) x '■ TN\m — > TX|m such that \I/ M (s,Xfc)o = idTN\ M , 
^ M (s,X k ) x \ c = id TcN for all c G M n U(C k+1 ) x and r M o V M (s,X k ) x = ^ M (s,X fc ) A . We 
define $(s,X fc ) A : TiV| M - TN\ M by $ (s,X fc ) A = (^(s,**)*)" 1 . 
Let us fix a direct sum decomposition 

KAO = (® 2 r A3j c VO) © (eJ =5 i/(3- c (4.2) 
K# fc ) = (©- =1 ^a- c VO) © (©-= 7 ^(^ c ^-0), 

over T,X k (N,P), which induces the direct sum decomposition K = K/K^ffiK^/KgQK^. 

Let n(s,Xj C be the orthogonal normal bundle of S x i(s) in S x ^~ 1 (s) and set 

n(s, X 3 - C Xj_i) = n(s, Xj C Xj-i)]^ where Xj = or X,- = A,-, Z? 3 -, £j . Then we 
have the canonical direct sum decomposition such as 

n(s, A k ) = ©J =1 n(s, Jj c J,_i), 

n(s, D k ) = (© 2 =1 n(s, ^ C 3;-i)) © (®J =5 n(s, 3 c 3_i)), (4.3) 
n(s,£ fc ) = (©; =1 n(s,^- C V0) © (©i= 7 n(s,^ C E^)). 

over S Xk (s). We can take the direct sum decompositions in (4.2) to be compatible with 
those in (4.3). 

5 Lemmas 

In the proof of the following lemma, Q(s, X k ) x \ c (c G M) is regarded as a linear isomor- 
phism of T C N . Let r be a small positive real number with r < 1/10. 

Lemma 5.1. Let k > 1. Let X fc fre any of A k , D k and E k . Let s G Tq(N, P) be a section 
satisfying the hypotheses of Theorem 4.1. Tnen inere exzsfe a homotopy s\ relative to 
U(C k +i)2-3r i n Fq(N, P) with sq = s satisfying 

(5.1.1) for any \, S Xk (s x ) = S Xk (s) and nf o s x \S Xk (s x ) = o s\S Xk (s), 

(5.1.2) we have that i K (s x k( Sl ))\s x k = ®(si,X k ) and X(S' Xfc (si)) c C n(s,X fc ) c for any 
point c G S Xk (s 1 ). 

Proof. Recall the exponential map exp^ : T X N — * X defined near G T X N . We write 
an element of n(X fc ) c as v c . There exists a small positive number 8 such that the map 

e: D s (n(X k ) c )\ M ^ N 

defined by e(v c ) = exp N (v c ) is an embedding and that the images of e for X k = A k , 
D k and E k do not mutually intersect, where c G M and v c G £>5(n(X fc ) c ) (note that 
e\M is the inclusion). Let p : [0, 00) — > R be a decreasing smooth function such that 
< p(t) < 1, pit) = 1 if i < 5/10 and = if f > <S. 
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If we represent s(x) G Q(N, P) by a jet j^&x for a germ a x : (N, x) — > (P, 7rp° o s(x)), 
then we define the homotopy s A of F^(N, P) using $(s, X k )\ by 

S A( e ( V c)) -f <- \/r AW 1 1 

■00/ ,w v \ 1 -1 \ 11 c G M and v c < 0, , r v , 

= J™v c )K a e( Vc ) oexp 7ViC o$( s ,X fe ) p( || Vc || )A | c oexp JViC ) - (5.1) 

s\(x) = s(x) if x Im(e). 

Here, $(s, X fe ) p( || Vc || )A | c refers to £(v c ) o ($(s, X fc ) p( || Vcl | )A | c ) o £(-v c ), where £(v) is the 
parallel translation defined by £(v)(a) = a + v. If ||v c || > 5, then $(s,Xk)p(\\ Vc \\)\\c — 
$(s,X k ) \ c , and if c e M fl U(C k+1 ) 2 -3ro, then $(s,X fc ) A | c = $(s,X k ) \ c . Hence, s A is 
well defined. Furthermore, we have that 

(1) 7T^OS X (x) =7T^O S (x), 

(2) S**(a A ) = 

(3) if c G S Xk {s), then we have that n(s 1 ,X k ) c D K(S Xk {si)) c , 

(4) s A is transverse to Y>X k (N, P). 

The property (5.1.2) is satisfied for si by (5.1). □ 

In what follows we set d±(s : X fc ) = (s|S' Xfc )*(di). We also choose and fix a Riemannian 
metric of P and identify Q(S Xk ) with the orthogonal complement of Im(di(s, X k )) in 
(t^os^)* (TP). 

Lemma 5.2. Let k > 1. Let &e any of A k , D k and E k . Let s be a section o/T^(iV, P) 
satisfying the property (5.1.2) for s (in place of Si) of Lemma 5.1. Then there exists a 
homotopy s A relative to U(Ck+i)2-3r ^ n Fq{N,P) with s = s such that 

(5.2.1) S Xk (s x ) = S Xk (s) for any \, 

(5.2.2) n<p>os 1 \S Xk (s 1 ) is an immersion into P such that d( y ir'p'os 1 \S Xk (s 1 )) : T(S Xk (s 1 )) 
^TP is equal to (n™os 1 ) TP od 1 (s 1 ,X k )\T(S Xk (s 1 )), where (tt^o Si ) tp : (tt^o Si )*(TP) -> 
TP £ne canonical induced bundle map, 

(5.2.3) we nave that ■i K (s x k( Sl ))\s x k = ^(si,X k ) and K(S Xk (s 1 )) c C n(s,X fc ) c /or any 
point c G ^^(si). 

Proof. Since 

KnT(E Jfc '°(iV,P)) = {0} for A fe (A; > 1), 

KnT(E w (iV,?)) = {0} for P fc (A; > 4), 

K n T(S 33 '°(iV, P)) = {0} for P 6 and P 7 , 

K n T(F><°(iV, P)) = {0} for E 8 , 



it follows that (ir'p'os) TP odi(s, X k )\T(S Xk ) is a monomorphism. By the Hirsch Immersion 
Theorem ([HI, Theorem 5.7]) there exists a homotopy of monomorphisms m' x : T(S Xk ) — > 
TP covering a homotopy m A : S Xk — > P relative to C/(Cfc + i)2-4r sucn that nig = (71-p o 
s) TP o di(s, X k )\T(S Xk ) and that mi is an immersion with d(mi) = m' 1 . Then we can 
extend m' x to a homotopy m' A : TN\ s x k — > TP of homomorphisms of constant rank p — 1 
relative to U(Ck+i)2-3r so that m' = (nf? o s) TP o di(s, X k ) . In fact, let m : S^* x [0, 1] — > 
Px [0, 1] and m' : T(S Xfc ) x [0, 1] -> TPx [0, 1] be the maps defined by m(c, A) = (m A (c), A) 
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and m'(v, A) = (m' A (v), A) respectively. Let m*(m') : T(S Xk ) x [0, 1] -> m*(TPx [0, 1]) be 
the canonical monomorphism induced from m' by m. Let JF X = Im(m*(m')) and ^ be the 
orthogonal complement of T\ in m*(TP x [0, 1]). Since JF 2 is isomorphic to (^Is^fexo) x 
[0, 1], we obtain a monomorphism of rank k — 1 

^ : Im^^X.OWXfc)) x [0, 1] -> ^ 2 over S Xk x [0, 1]. 

Since di(s, Xk)\(TN\ s x k ) is of constant rank p — 1 and induces the homomorphism of 
kernel rank n — p + 1 

d : n(X fe ) x [0, 1] - Im^^s, X fc )|n(X fc )) x [0, 1] 3 A F 2 , 
we define m' to be the composition 

TN\ sXk x [0, 1] - (T(^) © n(X fc )) x [0, 1] m "^ d ^ © f 2 

-> Im(m*(m')) © Cok(m*(m')) = m*(TP x [0, 1]) "' TPxl ' ul ; T P x [ , 1], 

where m TPx i ^ : m *(TP x [0, 1]) — > TP x [0, 1] is the canonical bundle map. We define 
m A to be (m A (v), A) = m'(v, A). 

Next we construct a homotopy s\ : iV — > fi(7V, P) from m' A . We write, by £ n ~ p+1 (iV, P)', 
the submanifold of J 1 (TV, P) = J^T/V, TP), which corresponds to £™- p+1 (iV, P) to distin- 
guish them.JThen 7r~|EJ*r fe (7V, P) : £X fc (iV, P) -> £™- p+1 (iV, P)' becomes a fiber bundle. 
We regard homotopy — > X™ p+1 (iV, P)'. By the covering homotopy property 

to slS^and m' x , we obtain a homotopy s' x : S Xk — > XXfc(iV, P) covering m A relative to 
L r (Cfc + i)2-3 n , such that s' = s\S Xk . 

By the transversality of s, we regard small tubular neighborhoods of S Xk (s) and 
£Xfc(iV, P) as vector bundles and that s induces a bundle map between them when 
restricted. By applying the homotopy extension property to s and s' x , we first extend s' x to 
a homotopy defined on this tubular neighborhood of S Xk and then extend it to a required 
homotopy s A G r^(iV, P), which satisfies s = s, s\\S Xk = s' x and s / \|C/(Cfe + i) 2 -3 ro = 
s|C/(Cfe+i)2-3r - This is a standard argument in topology and the details are left to the 
reader. □ 

Here we give two lemmas necessary for the proof of Theorem 4.1. Let tt : E — * S be 
a smooth (n — p + /c)-dimensional vector bundle with a metric over a (p — /c)-dimensional 
manifold, where 5 is identified with the zero-section. Then we can identify exp E \D £ {E) 
with idD e {E)- 

Lemma 5.3. Let n : E ^ S be given as above. Let fa : E — > P (i — 1, 2) &e Q-regular 
maps which have only singularities of types Aj, Dj and Ej with j < k and those of type 
Xk, where Xk is one of Ak, Dk and E&, exactly on S such that, for every point c G S, 

(5.3.1) f\\S = f'2\S , which are immersions, 

(5.3.2) S = S x *(j°°f 1 ) = S x >°(j°°f2), 

(5.3.3) K(S Xk {rh)) c = K{S Xk {rf 2 )) c are tangent to ^(c), 



17 



(5.3.4) T^s^irh)) = us^irh)), ((rh\syv 3 ) c = ((rf^syp^ and 

(j°°/ii5)*(dj +1 o d(rf\))c = (j°°/ 2 |5)*(dj +1 o d(rf 2 )) c 

for each number j and I = J or 3, 

(5.3.5) if X k = D k , then for each number j > 3, 

V 0O fi\s) m (*i)c = u o0 f2\s) m (*j)c «nd {rh\sy{d{v J )) c = {rf2\sr{d{v ] )) c , 

(5.3.6) if X k = E 7 , then 

{j°°fi\snd(di\ o 4 k^)) c = (r f2 \sy(d(di\ o 4 k^)) c , 

(5.3.7) ifX k = E 8 , then 



(j°°fi\sy(d(dl\ o 3 Kl o (Kg/Kj))^ = (rf 2 \sy(d(dl\ o 3 Kf o (Kg/K2))) 

(j°°/i|^)*(df| O 5 Kf) c = (j°°/ 2 |5)*(df | O 5 Kf) c 



c 



Let 7y : 5 — > [0, 1] be any smooth function. Let e : S — > R fre a sufficiently small 
positive smooth function. For any c G 5 ? v c e 7r _1 (c) ifit/j ||v c || < e(c), Ze£ f(v c ) denote 
exp P , /l(c) ((l ~ vie)) exp^ Mc) (fi(yc)) + ^(c) exp]? Me) (Mv c ))). 

Then the map f 7 : D £ (E) — > P a well-defined Q-regular map such that 

(1) r»|5 = /i|5 = / 2 |5, 

(2) S = S x *(j 00 F), 

(3) ^(^(j'^f ) c = K(5 Xfc (j°°/i)) c = ^(5 Xfc (j°°/ 2 )) c are tonaent to tT^c), 

(4) T^-itrf)) =r c (5^0'°°/i)), (O' 00 ^ |5)*P j ) c = ((j 0O /i|5)*P J -) c «™d 

(j oo Fr(d / +i rf(j oo F))c = ( J - /l) * (d / +i rf (j °o /l))c = (j«>/ 2 )*(dj +1 O d(j°°f 2 )) c , 

for each number j and I = J or 3, 

(5) if X k = D k , then, for each number j > 3, 

WWc = (j°°A)*(r,)c = (j°°/ 2 )*(r,) c , 
(j-F)*(rf(r,)) c = U°°fiY(d{'i))c = U°°f2y(d(v j )) c , 

(6) if X k = E 7 , then 

(m*(d(di\ o 4 kD) c = (rhy(d(di\ o 4 k|)) c = (r/ 2 ) w^i o 4 k|)) 

(7) = E 8 , tfien 



c' 



(m*(rf(d3|0 3 KfO(K^/Kf))) 
= 0' oo /i)*(d(d2lO 3 K2O(Kf/K3 

(j 0O f ,, )*(df| O 5 K*) c = (r/i)*(d^| O 5 K^) c = (r/ 2 )*(df I O 5 K2) 



(r/o* o 3 K4 o (Kf/K2))) c = (j°°/ 2 )*(d(d3i o 3 K4 o (Kf/K2))) c , 
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Proof. Let us take a Riemannian metric on E which is compatible with the metric of the 
vector bundle E over S. In particular, S is a Riemannian submanifold of E. Furthermore, 
take a Riemannian metric on P such that f{S) n P is a Riemannian submanifold of P 
around /(c). Then the local coordinates of exp Arc (K c ) and exp P j( c )(Q c ) are independent 
of the coordinates of S, where Q c is regarded as a line subspace of T/( C )P- 

Since j°°fi are transverse to EX fe (P,P), we have n(j°°fi,Ij C Ij~\) c = n(j°°f2,Ij C 
Ij-i) c for / = J or 3- Furthermore, it follows similarly that n{j°°fi, Dj+i C Pj) c = 
n(j°°f 2: D j+1 C P,) c for X fc = P fc and n(j°°f 1: E j+1 C P,) c = n(j°°f 2: E j+1 c £,) c for 
-^fc = Pfc- 

We may consider 77(c) as a constant when dealing with higher intrinsic derivatives in 
the lemma by the identification (1.2) and the property of the total tangent bundle D given 
in the beginning of Section 2. Then the assertions (l)-(7) follow from the assumptions 
and the properties of T>X k (N, P). 

Let e be sufficiently small. Then since fl(n,p) is open and j°°f r '(S') C EX fc (iV, P), f v 
is an ^-regular map. Since f v is transverse to HX k (N,P), we have S Xk (j°°i ri ) = S. □ 

The proof of the following lemma is elementary, and so is left to the reader. 

Lemma 5.4. Let n : E — > S be given as above, and let (f2, S) be a pair of a smooth 
manifold and its submanifold of codimension n — p + k. Let e : S — > R be a sufficiently 
small positive smooth function. Let h : D e (E) — > (Q, E) be a smooth map such that 

5 = /i -1 (S) and that h is transverse to E. Then there exists a smooth homotopy h\ : 
(D £ (E),S) — > (Q, E) between h and exp n odh\D £ (E) such that 

(1) h x \S = h \S, S = /^(S) = h L (T,) for any \, 

(2) h\ is smooth and is transverse to E for any \, 

(3) h — h and hi(v c ) = exp n ^ odh(v c ) for c E S and v c G D £ (E C ). 

6 Proof of Theorem 4.1 

For the normal bundles n(X k ) (= n(s,X^)) and Q (= Q(S Xk )) over S Xk (s), we recall that 
Hom(E^ =1 J ^(^fe), Q)ls^fe is identified with the set of polynomials of degree < £ having 
the constant with coefficients depending on a point of S Xk (s) (see [Mats, Ch. Ill, Section 
2]). For a point c G S Xk (s), take an open neighborhood U around c such that n(X k )\u 
and Q\u are the trivial bundles, say U x R"--p+ fc an d [/ x R respectively, where R n -p+ fe 
has coordinates (x\, . . . ,x n - p+ k) and R has y. Then an element of B.om(Q^n(Xk), Q)\u 
is identified with a polynomial y(c) = H^^ja^ (cjx^ 1 x 2 2 ■ ■ •^ n "~^ f fc fc , c G C/, where = 

(^i,^2, • • • ,uj n - p+k ), Ui > (« = 1, • • • ,n -p+ k), \u\ = ui H Vu n _ p+k and a w (c) is a 

real number. If a u (c) are smooth functions of c, then {a w (c)} defines a smooth section of 
Hom(0 J n(X fc ),Q)| 5 x fc overt/. 

We first introduce several homomorphisms between vector bundles over S Xk {s), which 
are used for the construction of the required f2-regular map in Theorem 4.1. 

Let s G Tq(N,P). By deforming s if necessary, we may assume without loss of 
generality that s satisfies (5.1.2) of Lemma 5.1 and (5.2.2) of Lemma 5.2, where si is 
replaced by s. 
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In the following, let K = K(S Xk ), Q = Q(S X "), Kj (j > 2) refer to K 3 J (S Xk ) for 
X k = A k and Kj(S Xk ) for X k = D k or E k , and let L = (s\S Xk )*(L). We now describe 
the isomorphisms 

(s|S^)*(dJ +1 o ds\n(s, Ij C Ij-i)) for / = J or 3, 

(a|5^)*(d(d2| O 4 Kg) o d a |n(a, £ 7 c£ 6 )), 1 ' J 

(s|S^)*(d(dg| O 3 ^ O (Kg/Kg)) o d s |n(s, £ 8 C E 7 )), 

which are induced by s\S Ij , s\S Dj+1 , s\S Er and s\S Ea respectively. They yield the decom- 
positions of the target bundles derived from K D K 2 D L and Kg D Kg, and hence the 
decomposition of the normal bundles as follows. 
For A k , 

n(s, Ji C J ) = ^/^2 © T 2 A -> Hom(K/ir 2 © X 2 , Q) by (2.1), 

n(s, Jj C Jj_i) = T/ +1 - Hom(0^ 2 , Q) (2 < j < k - 1) by (2.2), (6.2) 
n(s, J k C J fc _i) = X 2 -> Hom(O fc ^ 2 ,<5) by (5), (8) in Section 2 and (2.2), 

over S Ak , where (i) K/K 2 refers to the orthogonal complements of K 2 in K, and (ii) T 2 A 
refers to the 1-subbundle of n(s, Ji C Jo), which corresponds to the direct summand in 
the right-hand side. 
For D k , 

n(s,3i C 3o) = K/K 2 © T 2 D4 -> Kom{K/K 2 © X 2 , Q) (A; = 4) by (2.1), 
n(s,3i C 3o) = ^/^2 © T 2 D x fc © T 2 D 2 fc -> Hom^/i^ © K 2 /L © J, Q) (k > 5) by (2.1), 
n(s,5 2 C 3i) = tf 2 © T 3 D4 -U Uom(V D \ Q) (A; = 4) by (2.3), (D-i), (D-iv-3), 
n(s,02 = K 2 /L®L®T° k -> Hom(P D ,Q) (A; > 5) by (2.3), (D-ii), (D-iv-3), 

n(s, -Dj C Dj_i) = T, D \ - Hom(0 J - 2 J, Q) (5 < j < fc) by (3.2), 

(6.3) 

over S^, where 

(i) K/K 2 and X 2 /J refer to the orthogonal complements of K 2 in K, L in K 2 respec- 
tively, 

(ii) T 2 D4 , T 2 D 1 fe , T 2 D 2 and T 3 Dfe refer to the subbundles of the normal bundles concerned 
which corresponds to the direct summands in the right-hand side respectively (dimT 2 D4 = 2 
and dimT 3 D4 = 1), 

(iii) V Di = 2 K 2 = Vi © V 2 and V D = L O K 2 /L © Q 2 K 2 /L © Q 2 L. Here, V 2 is the 
1-subbundle of Q> 2 K 2 which consists of all elements v with (s\S^ 4 )*(dl)\(K 2 Q {v}) = 0, 
and V\ is the orthogonal complement of V 2 in Q) 2 K 2 . 
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For E k , 

n(s, Zi C 3 ) = K/K 2 © © T E 2 -> Hom(fT/^ 2 © ^ 2 /iT 3 © #3, Q) by (2.1), 
n(s, 3 2 C 3i) = K 2 /K 3 © r£ © T E 2 - Hom(0 2 ^ 2 /^ 3 © 2 ^3 © K 3 O ^2/^3, Q) 

by (2.3), (2.4), 

n(s, £ 6 C 3 2 ) = ^3 © Tf 6 -> Hom(P £ , Q) for £ 6 by (2.5), (E-i), (E-iii-a), 
n(s, 3 3 C &) = Tf 7 © K 3 -> Hom(P £ , Q) for £ 7 by (2.5), (E-i), (E-iii-b), 
n(s, 3 3 C &) = Tf* © Tf| -> Hom(P £ , Q) for £ 8 by (2.5), (E-iii), 
n(s,E 7 C £ 6 ) = Tf - Hom(0 4 ^3, Q) for £ 7 by (3.3), (E-iii-b), 
n(s, E 7 C i^Ols^ = i^ 4 |s E 8 -»• Hom(0 4 ^4, Q)\s E s for ^8 by (E-iii-c),. 
n(s, £ 8 C E 7 ) = T E * -> Hom(0 3 ^4 O ^2/^4, Q) for £ 8 by (3£-2), (E-iii), 

(6.4) 

over S Ek , where 

(i) n(s, E 6 C = n(s,3 3 C 3 2 )| 5 ^ and P s = 3 ^3 © 2 ^3 O ^2/^3, 

(ii) K/K 2 , K 2 /L, and K 2 /K 3 or K 2 /K 4 refer to the orthogonal complements of if 2 in 
X, L in K 2 , and or in K 2 respectively, 

(iii) T E V T E 2 , T Ee , T Er , T^ 8 , T Er and Tjf 8 refer to 1-subbundle of the normal bundles 
concerned, which correspond to the direct summands in the right-hand side respectively. 

The isomorphisms in (6.2), (6.3) and (6.4) canonically induce the following homomor- 
phisms over S Xk (s) respectively. 
For A k , 

dj(s) : 2 ^/^2 ©^O T 2 A - Q, 

df +1 (s) : O^K 2 0^i-Q(2<ja-l), 

4 +1 (s) : O k+1 K 2 -> Q. 

For D fc , 

rfj 4 (s) : 2 K/K 2 © K 2 O -> Q (A; = 4), 

c? fe ( S ) : 2 ^2 © O ^i fc © ^ O 7$ - Q (fc > 5), 

d^(s) :V 1 OK 2 ®V 2 T 3 D4 -> Q (k = 4), 

dj fc (s) : 2 ^ 2 /^ O ^ © O 2 ^ O T 3 Dk (k > 5), 

d(rj-2)(s) : O j " 2 ^ O Tf\ - Q (5 < j < k) (k > 5). 

Furthermore, the homomorphism r^-i induces the homomorphism by s\S Dk 

rj_i(s) : O i_1 ^ -> <2 (5 < i < A;) over S Dk (s) (k > 5). 

For E k , 

dj(s) : 2 ^/^2 © ^2/^3 O T 2 E i ®K 3 T 2 E 2 - Q, 
dj(s) : 3 ^2/^3 © 2 K 3 O ^ © K 3 O ^2/^3 O ^ - Q, 
df (s) 
df (5) 
df(s) 
df(s) 
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4 ^ 3 © 2 ^ 3 ^2/^3 Tf 6 - 




for £<5, 


3 ^ 3 ?f 7 © 3 ^s ^2/^3 - 




for E 7 , 


3 ^ 3 Tfj © Q 2 K 3 ^2/^3 ^ Q 


for E 8 , 






for f? 7 , 


5 ^4 © 3 ^4 ^2/^4 ?f 8 - 




for E 8 , 



where df 8 (s)| O 5 K 4 comes from (s|S E8 )*(d£| O 5 Kf). 
We define the sections of Hom(Sjl 1 1 Q J ' n(X k ), Q) 



q Ak (s) 


= d$(s) + ^ =3 df(s) + d£ +1 (s) 


over 




q D *(s) 




over 




q Dk (s) 


= d% k {s) + ^(s) + Ej =5 d(r J -_ 2 )(s) + r fc _i(s) (A; > 5) 


over 




q Ee (s) 


= df(s) + df(s) + d?(s) 


over 




q E '(s) 


= df (s) + df (s) + df (s) + df (s) 


over 




q E8 (s) 


= df( s )+d 3 s ( s )+df( s )+df( s ) 


over 


S E *(s). 



Then we obtain the smooth fiber map 

(vr- o s \S x *) tp o (d!( S , X fc )|n( S , X k ) + ^(a)) = 

n(s,X fc ) -> (tt^ o s |S Xfc )*(TP) -> TP (6.5) 

covering the immersion 7r£? o sjjS^ : S Xk (s) — > P. 

Remark 6.1. IT^e explain what V 2 and /iou; £/ie normal form for TJ 4 m Introduction is 
induced from d 3 4 (s) . For c G S^ 4 (s) we set d 3 = d 3 4 (s) | O 3 ^2,c — a o u3 + cnu 2 £ + a 2 u£ 2 + 
a 3 £ 3 . A generator o/Hom((V2) c , Qc) ^ a nonsingular quadratic form o/Hom(0 2 -K2, c , Qc)- 
Suppose to the contrary. Then there are coordinates (u,£) around c such that (V 2 ) c is 
generated by d/du Q d/du = d 2 /du 2 . It follows from (s\S D *)*(dl)\(K 2 V 2 ) = that 
the coefficients of u 3 and u 2 £ in the polynomial d 3 vanish. Namely, d 3 is written as 
a 2 u£ 2 + a 3 £ 3 = (a 2 u + a 3 £)£ 2 . This is of type S5 or Se- This is a contradiction. 

Suppose thatd 2 /du 2 ±d 2 /d£ 2 is the generator of(V 2 ) c . Then (s\Sg 4 )*(d$)\(K 2 OV 2 ) = 
implies that 

( d 3 d 3 \ ~ , / d 3 d 3 \ ~ 

[du- 3± duJp) d * = ° md \d^di ± W 3 ) d * = {} - 

Then we have 3a ± a 2 = and ai ± 3a 3 = 0. Hence, if a = 0, then we have d 3 = 
^3a 3 u 2 £ + a 3 £ 3 (a 3 7^ 0). If a 7^ 0, then we may assume a — 1 and 

d 3 = u 3 T 3a 3 u 2 £ =F 3u£ 2 + a 3 £ 3 . 

Let k be a real number such that k 3 =)= 3a 3 k 2 =F 3A; + a 3 = 0, and let u = v + k£. Then we 
have 

u 3 ^ 3a 3 u 2 £ T 3u£ 2 + a 3 £ 3 = v(v 2 + 3(k T a 3 )v£ + 3{k 2 t 2a 3 k t l)£ 2 )- 

If we set A = (k 2 =f 2a 3 k =F 1), then A ^ and AA ^ 3(k =F a 3 ) 2 . In fact, if A ^ 0, then 
we have 

v 2 + 3(k T a 3 )v£ + 3A£ 2 = (1 - ^£^> 2 + 3A(£ + ^^v) 2 . 

If AA = 3{k =F o^) 2 , then d 3 is of type S$, Otherwise this is of type Sf. If A = 0, then 
a 3 k 2 + 2/c =f a 3 = 0, and hence k = or a 3 — 1. Since A = 0, the case k = does not 
occur. If a 3 = 1, then d 3 = (u =F £) 3 , which is of type Se- 
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Proof of Theorem J,..l. By Lemmas 5.1 and 5.2 we may assume that s satisfies (5.1.2) and 
(5.2.2), where S\ is replaced by s. We define E(fc) to be the union of all exp N (Ds os (n(X k ))) , 
where 5 is a sufficiently small positive smooth function defined on T,X k (N, P) for X k = A k , 
D k and E k such that 

(i) 5 o s\(S Xk \lntU(C k+1 ) 2 ) is constant, 

(ii) exp A r(D < 5 os (n(X/ c )))\Int?7(Cfc + i) 2 for X k = A k , D k and E k do not intersect mutu- 
ally. 

This is a tubular neighborhood of S Xk 's. 

It is enough for the proof of Theorem 4.1 except for (4.1.3) to prove the following 
assertion: 

(A) There exists a homotopy H\ relative to U(C k+ i)2- ro in Tq(N, P) with H = s 
satisfying the following for each X k = A k , D k and E k . 

(1) S Xk (H x ) = S Xk for any A. 

(2) We have an fi-regular map G defined on a neighborhood of U(C k+ i) 2 _ rQ U E(/c) to 
P such that i°°G = H x on U{C k+l ) 2 _ ro U E(k). 

By the Riemannian metric on P, we identify Q with the orthogonal line bundle of 
Im(rfi(s,X fc )) in (vrp 3 o s\S Xk )*(TP). Then exp P o(7rp° o s\S Xk ) TP \D 1 (Q) is an immersion 
for some small positive function 7. In the proof we express a point of E(k) as v c , where 
c G S Xk , v c G n(X k ) c and ||v c || < <5(s(c)). In the proof we say that a smooth homotopy 

k x : (E(fc), dE(k)) - (fi(JV, P), fi(iV, P) \ SX fe (iV, P)) 

has the property (C) if it satisfies that for any A 

(C-l) k^{ZX k (N, P)) = S Xk , and vrp o k x \S Xk = 7rp° o fc |S x * and, 
(C-2) k\ is smooth and transverse to Y*X k (N, P). 

Recall the fiber map di(s, Xfc)|n(Xfc) + q Xk (s) over S^* in (6.5). If we choose 5 suffi- 
ciently small compared with 7, then we can define the f2-regular map go : E(fc) — > P by 



yo(v c ) = exp P ^ os(c) o(n~ o s |S Xfc ) rp o (rf 1 ( s ,X fe )|n(X fc ) + g x Hs)) c ° exp^ c (v c ) (6.6) 

for each X k = A k , D k and E k . It follows from Remark 3.2 that go has each point c G S^* 
as the singularity of type X k and vice versa. Now we need to modify go by using Lemma 
5.3 so that g is compatible with g k +i- Let 77 : S Xk ->Rbea smooth function such that 

(i) < 77(c) < 1 for c G S Xk , 

(ii) 77(c) = for c G S Xk n U(C k+1 ) 2 _ 3ro , 

(iii) 77(c) = 1 for cG S** \U(C k+1 ) 2 _ 4ro . 

Then consider the map G : C/(C fe+ i) 2 _ 3ro U E(fc) — > P defined by 

f G(a;) = if x G £/(C fe+1 ) 2 _ 3ro , 

\ G(y c ) = (1 - 77(c))^ +1 (v c ) + 77(c)^o(v c ) if v c G E(fc). 

It follows from Lemma 5.3 that G is an fi-regular map defined on £/(Cfc + i) 2 _ 3ro U E(/c), 
that G|E(/c) has the singularities of type X k exactly on S Xk , and that for any c G 
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S Xk , the properties (l)-(7) of Lemma 5.3 hold for G. Furthermore, we note that if 
c G E(k) DU(C k+1 ) 2 _ 3ro , then G(v c ) = g k+1 (v c ). 

Set exp Q = exp n(JVP) for short. Let h\, ft 3 , : (E{k),S Xk ) -> (£l(N, P), T,X k (N, P)) be 
the maps defined by 

h\(y c ) = exp n>s(c) od c s o (exp^ c ) _1 (v c ), 
h 3 (v c ) = exp nj -oo G(c) od c (j°°G) o (exp^J-^Vc). 

By applying Lemma 5.4 to the section s and ft,}, we first obtain a homotopy h\ G 
r^(E(A;),P) between = s and ft} on E(/c) satisfying the properties (1), (2) and (3) of 
Lemma 5.4. Similarly we obtain a homotopy h\ G r^(E(A;), P) between ft 3 , and ftf = j 00 ^? 
on E(/c) satisfying the properties (1), (2) and (3) of Lemma 5.4. 

Next we construct a homotopy of bundle maps n(X k ) — > v{X k ) covering a homotopy 
S Xk -> £X fc (iV,P) between rfs|n(X fc ) and rf(j°°G')|n(X fe ). Recall the additive structure of 
J°°(iV,P) in (1.2). Then we have the homotopy « A : E(fc) -> J°°(iV,P) defined by 

« A (c) = (1 - A)s(c) + \j°°G{c) covering tt^ o s\S Xk : S x * -> P, 

where 7r|? o sIS 1 ^ is the immersion as in (5.2.2). 

We show that K\\S Xk is actually a homotopy of S Xk into T,X k (N,P). Recall the 
identification (s\S Xk )*P (tt~ o s)*(TP) and s*D = TiV. 

It follows from the decomposition of n(X k ) in (4.3) that 

( S |^)*(dJ +1 od s |n( S ,/ jC ^ 
(s| 1 S^'+ 1 )*(rf(r j _i) o ds|n(s, P j+L C £>,)) 

= (j~G|S D "0*(dfo-i) od(i°°G)|n( S ,^ +1 c D,)), 
(s\S° k )*(r kzl ) = (j°°G\S Dk )*(r kz} ), 
(s\S E ?)*(d(dl\ O 4 Kf) o ds\n(s, Ej c Pe)) 

= (j°°G|5^)*(d(d2| 4 K3)_orf(j°°G)|n( S ,P 7 c P 6 )), 
( S |S E *)*Kdf | O 3 O (K2/K?)) o d s |n( s , P 8 c P 7 )) 

= (j°°G|^)*(d(d2| O 3 Kf O (K2/K4)) o d(j°°G)|n( S , P 8 C P 7 )) 
(s|S^)*(df| O 5 Kf) = (j~G|S*)*(dj[| O 5 Kf), 

(6.7) 

over respective S Xk , where / = J or 3- These formulas are the direct consequence of 
the construction of d±(s, X k )\n(X k ) + q Xk (s) appearing in the definition of G and the 
definitions of the intrinsic derivatives and r k _i in Sections 2 and 3. Hence, it follows from 
(6.7) that for any c G S Xk we have n(n\,X k ) c = n(X k ) c and Q(k,\) c = Q c . Hence, the 
equalities of the homomorphisms in (6.7) also hold when s is replaced by K\ (0 < A < 1). 
Therefore, K\\S Xk gives a homotopy of S Xk into Y*X k (N, P). 
Let us consider the commutative diagram 

n(X k ) d ^^l u(X k ) d -^l H(X k ) 

|| U K x\s Xk r (Xk) UK\\s Xk ) H(Xk) 

n{X k ) > (« A |5 ^ k ) [y{X k )) ► H(X k ). 
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Here, H(X k ) (resp. d(Xk)) denotes the direct sum of the target bundles of the ho- 
momorphisms (resp. the sum of the homomorphisms) dj +1 \is(Ij C Ij-i) for I = J or 3, 

d( rj ^)\u(D J+1 C DA, d(dj\0*K$)\v(E 7 c E 6 )^ndd(dl\0 3 KlO(Kl/Kl))\u(E 8 C E 7 ) 
such that v(Ij C Ij-i), v{Dj +1 C Dj), u(E 7 C Eg) and u(E 8 C £7), which appear in the 
direct sum decompositions of v(X k ) in (4.2), and let H(X k ) = (s\S Xk )*(H(X k )). Namely, 
H(X k ) is the direct sum of the target bundles of the isomorphisms in (6.2), (6.3) and 
(6.4) whose source normal bundles appear in the direct sum decomposition of n(X k ) in 
(4.3). Then it follows from (6.7) that 

(K X \S Xk )*(d(X k ) o d(K X )\n(X k )) = (s\S Xk )*(d(X k ) o ds\n(X k )) 

for any A. This implies that k x is transverse to T,X k (N, P) for any A. 
We define h\ : (E(k), S Xk ) -> (Q(N, P), ZX k (N, P)) by 

h\{y c ) = expn jKA(c) od c (K X ) o (exp^J" 1 ^). 

Then we have that hl(v c ) = h\(y c ) = exp n s ^ od c so (exp Ar c ) _1 (v c ) and hl(v c ) = h\{y c ) = 
ex Pnj-G(c) od c {j°°G) o (exp^J-^Vc) on E(fc). 

Let h\ G r^(E(A;) U U(C k+ i) 2 _ 3r ,P) be the homotopy which is obtained by pasting 
h\, h\ and h x . Since h\ and ft, A do not keep s\(E(k) fl (C/(Cfc+i) 2 _ 3 \IntC/((7fc + i) 2 )) in 
general, we need to modify h x as follows. 

Since /io( v c) = ^i( v c) = s ( v c) for v c G E(/c) fl £/(Cfc + i) 2 _ 3ro , we may assume in the 
construction of h\, h\ and h\ that if v c G E(k) fl f/(Cfc+i) 2 _ 3ro , then h\(\ c ) = hl(v c ) = 
hi(v c ) and h x (v c ) = hl_ x (v c ) for any A. By using these properties of h\, h\ and h x , we 
can modify h\ to a homotopy /ia £ (E(k), P) satisfying the property (C) such that 

(1) h\(v c ) = h (v c ) = s(v c ) for any A and any v c G E(fc) n f/(C fc+ i) 2 „ 2ro , 

(2) /io(v c ) = s(v c ) for any v c G E(fc), 

(3) /n(v c ) = J 00 G(v c ) for any v c G E(k). 

By (1), we can extend h x to the homotopy H' x G r^(E(A;) U £/(C fc+ i) 2 _ 2r , P) defined 
by H' x \E(k) = h\ and H' x \U{C k+l ) 2 _ 2ro = s\U(C k+1 ) 2 _ 2rQ . 

By applying the homotopy extension property to s and H' x for each X k = A k , D k and 
E k , we obtain an extended homotopy 

H x : (N, S Xk ) - (fi(7V, P), ZX k (N, P)) 

relative to U(C k +i) 2 _ ro with _P = s. Furthermore, we replace 5 and E(k) by smaller 
ones. Then H x is a required homotopy in T^(N, P) in the assertion (A). 

We need further argument for (4.1.3) using the Thorn's first Isotopy Lemma (see 
[Math3, (8.1)]). We suppose that Q(N, P) does not contain EDj(N, P) or HE k (N, P). Let 
5 and 5' be smooth functions with < 5 < 5' < 5. Let U(A k ) =Int(E(/c)) U U(C k+1 ) 2 _ 2ro 
and U{k\ = exp N {D, os {n{A k ))) U U(C k+1 ) 2 _ {3/2)ro for ( = 5, 5'. Let p 1 : U(A k ) x / -> / 
be the projection onto the second factor. Let ({_P A }) be the subset of £/(Afc) x / 
which consists of all points (x, A) such that H' x (x) G EA^iV, P) for each j < k. Since if A 
is transverse to Y,A k (N, P), we may assume that if A is transverse to all £A,-(iV, P) on 
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U(Ak) for any A. Since p 1 is a submersion onto I, we can construct a smooth vector field 
V(x, A) on U(A k ) x I such that 

(i) if (x, A) G S A i(H' x ), then A) is tangent to S^(# A ) at (x, A), 

(ii) dp^yfoA)) = d/d\, 

(iii) if (x, A) G (S A * U C/(C fe+1 ) 2 _ (3/2)ro ) x I, then A) = d/d\. 

Then by considering the integral curve of V{x, A), we can choose <5, 5' and a smooth 
isotopy of embeddings r A : U(k)gr — > P(Afc) such that 

(i) r (x) = x, 

(ii) each path (t\(x), A), a: G U(k)$r and A G / lies in P(A fc ) x / and (d/ d\){j\(x), A) = 

n.r.A). 

(iii) if x G S 04 * U(/(C w ) 2 _ (3/2)ro , then r A (x) = x for any A. 

Define H' x • j°°r A G r n (l/(A;)«', P) by H' x »j°°Tx(x) = H' x (x) o j°°Tx(x). Then we have 

(1) S A '(H' X • j°°r A ) n [/(&),$' = S^(i^) n [/(&),$' for j < Jfe and any A, 

(2) H' x • j°°r A is transverse to all EA,-(7V,P), 

(3) P( • j°°Ti = j°°(G oTi), where G o t x is an fi-regular map. 

Set U k = U(k)s>. Suppose that there exist a neighborhood U j (j < k) with U(k)-g ClntCP, 
U l ClntP l+1 (j < i < k), and a smooth homotopy 

H{ : (WUS^(s),S^(s)) -> (Q(7V,P),E^-(7V,P)) 

relative to [/(% such that S At (H{) = S A '(s) (j < £ < k), H J \U j = s\U j and P^CP = 
P A • j°°T\\UK Then there exists a small tubular neighborhood T(j — 1) of S j (s) in 
S^- 1 (s) with projection p T (j ,_1 ) : T(j — 1) — > S A '(s) and a neighborhood P- 7-1 with 
P(£;) ? clntP^ 1 and W' 1 ClntW such that C/^nTO'-l) = (p T ^)- 1 (S A ^s)nU j - 1 ). 
Since s is transverse to EA,-(iV, P), we have a smooth homotopy 

Pfp- 1} : (W- 1 UT(j - 1),^( S )) - (fi(7V,P),E^-(7V,P)) 

such that 5^(PTp _1) ) = 5^(s) (j-1 < £ < k), Prp _1) |C/ j_1 U^(s) = P^P^US^s) 
and ijjf^lCP'- 1 U T(j - 1) = U T(j - 1) by using (1), (2) and (3) and applying 

the homotopy extension property to s | fT"- 7 ~ 1 U T(j — 1) and H^U^ 1 U S Aj (s). Next we 
can easily extend H x ^ ^ to a smooth homotopy 

Pf 1 = (^US^-H^S^W^^W) - (^^^^(^^^^(^P)) 

by applying the homotopy extension property to slU^ 1 U S Aj ~ 1 (s) and P^ -1 ^ so that 
.S 1 (//{ ') .S 1 (s). 

By the downward induction on j, we obtain an extended smooth homotopy 

P A : (N,S A *(s)) - (Q(N,P),EA k (N,P)) 

relative to P(C fe+ i) 2 _ ro such that P = s, S A ^{H X ) = S a j{s) for 1 < j < k. This 
completes the proof. □ 

The author does not know whether the Whitney condition (b) for the Thorn's first 
Isotopy Lemma holds or not among EAi(N,P), HDj(N, P) and EE k (N,P). 
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7 Proof of Theorem 0.2 



In this section we prove Theorem 0.2 by applying Theorem 0.1 in the elimination of higher 
Dk and L% singularities. _ 

Let n D (N, P) (resp. Sl E (N, P)) denote the open subbundle of J°°(iV, P) which consists 
of all regular jets and EAi(N, P) (i > 1) and HDj(N, P) (j > 4) (resp. EAi(N, P)(i>l), 
VDj(N,P) (j > 4) and £P fc (iV,P) (k > 6)). Let n D *(N,P) (resp. n D s Ee (N,P)) denote 
the open subbundle of J°°(N, P) which consists of all regular jets and HAi(N, P) (i > 1) 
and EDj(N,P) (k > j > 4) (resp. EAi(N,P) (i > 1), EDj(N,P) (j = 4, 5) and 
EE 6 (N,P)). 

Proof of Theorem 0.2. By the assumption, j°°f is a section N — > Q D (N,P) (resp. N — > 
Q E (N, P)). By Proposition 7.1 below, we have the section s D : N —> Q Ds (N, P) (resp. 
s B : iV -> fi D5B6 (AT, P)) such that vrp° o j 00 / = vrp 3 o s D (resp. 7Tp° o j°°f = nf o s £ ). By 
Theorem 0.1 we obtain a required smooth map g such that j°°g and s D (resp. s E ) are 
homotopic. This proves the assertion. □ 

Proposition 7.1. Let n > p > 2 and n — p be even. Then we have the following. 

(1) Given a section s : N — > Q D (N,P), there exists a section s D : AT — > il Dr >(N,P) 
such that 7rp° o s = 7rp° o s D . 

(2) Gwen a secton s : iV ->• tt E (N,P), there exists a section s E : iV -> tt D5Ee (N,P) 

SUch that 7Tp O S = ffp o s B . 

We need the following lemma for the proof of Proposition 7.1. 

Lemma 7.2. Let n > p > 2 and n — p be even. Then we have that, for 3, QIs3 2 (atp); 

k I e;d 5 (jv p) an< ^ ^■2/~^-V)\t?3{n,p) are trivial line bundles equipped with the canonical ori- 
entations respectively. 

Proof. By Section 2 (5), d 2 |K : K — > Hom(K, Q) induces the isomorphism 



Since dimK/K^ = n — p — 1 is odd, we choose the unique orientation of Q z , expressed 
by the unit vector e P , so that the index (the number of the negative eigen values) of q z , 
z G S 32 (TV, P) is less than (n - p - l)/2. 

By (3-1) and (D-ii) we have the following direct sum decompositions over £P 5 (iV, P) : 




Q over £ 32 (/V,P). 



C 3i)|si5 5 = 
Hom(Q 2 Kl Q)| 



(K^/LeLeT 1 )!^, 

sSb Hom(K3/L O L© Q 2 (Kf/L)© Q 2 L, Q) 



where T 1 is the orthogonal complement of K 2 



in i/(3 2 C 3i) over ED 5 (N,P). 
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By (2.3), (D-ii) and (D-iii), (d^|z/(3 2 C 3i))| s ^ 6 induces the isomorphisms 

(Kf/L)|^ B ^Ham(Kf/L O L, Q)|jaj 5 , 
L| sSs ^Hom( O 2 (Kf/L),Q)| sS5 , 
T 1 | s75r ^Hom( 2 L,Q)| SI?5 . 

Since 2 (K2/L) has the canonical orientation, L has the canonical orientation, expressed 
by the unit vector e(L) over T,D 5 (N, P), by the second isomorphism. 

Let us provide K2/K3 with the orientation. By d^K^ induces the isomorphism 

K^/Kf -> Hom(0 2 (K^/K^),Q) over £ 3a (iV,P). Then it comes from the orientation of 
Hom(0 2 (K^/K3),Q). ' □ 

Lemma 7.3. Let n > p > 2_Let z be a point ofEE 6 (N,P), £P 7 (iV,P) or £P 8 (iV,P). 
Let {z m } be a sequence ofED 5 (N, P) which converges to z. Then we have 

(!) { K lzJ converges to K^, 

( 2 ) {L 2m } converges to Kj z . 

Proof. (1) Since Ker(df |K) = over £ 52 (iV,P) and since £P 5 (iV,P) C E 32 (iV,P) 
and £P fc (iV, P) C £ 32 (iV, P), the assertion (1) follows from the continuity of df|K on 
S 32 (iV,P). 

(2) By (1), we take a subsequence of {-2 m } for which {L Zm } converges to a 1-dimensional 
subspace of K^, say V z . By (2.4) it is enough for the proof of the assertion (2) to show 
that d|jV 2 vanishes. Suppose that V z ^ K| 2 . Since EE k (N,P) C S 3;i (iV,P), it follows 
that Ker(dg Z |K2 z ) = K^. Hence, df^ induces the isomorphism O^K^/Kg ) — > Q 2 , 
which yields the isomorphism Q 3 V Z ^ Q z (on the contrary, we have that dj$ jKg* and 
d.3^1 3 Kg 2 vanish). Since lmim^oo L Zm = V 2 , there is a number m such that if m > m , 

then d% \ O 3 L 2m does not vanish. This contradicts to the definition of £P 5 (iV, P) in 
(D-iii). Hence, we obtain the assertion (2). □ 

Remark 7.4. Under the same assumption of Lemma 7.2 

(1) L has the canonical orientation ifU(T:D 5 ) is chosen as a tubular neighborhood, 

(2) the normal bundles for the respective inclusions C/(ED 5 ) d HD^N, P) D ••• D 
T:Dj(N : P) are all trivial by (3.2). 

Proo/ 0/ Proposition 7.1. We give the proof only for (2), since the proof for (1) is parallel 
by setting S^ 6 (s) = 0. 

In the proof we identify J k (N,P) with J k (TN,TP) by (1.2). By Remark 3.4 , there 
exists the open subbundle fi D4 (V, P)' of J 3 (N, P) (resp. VL D '' E<r ' (iV, P)' of J 4 (iV, P)) such 
that (TifO-^^P)') = Q D4 (N, P) (resp. (vrf )-\n D ^(N, P)') = ft D ^(iV,P)). 
We may assume s £ r^(N,P). It follows that (vrf o s)(N \ (S D "(s) U S Be (s))) C 
n D4 (N\(S^is)US E6 {s)),P)'. Since s(5' Ss (s)) C ED 5 (N,P) and s(^ 6 (s)) C £ 3s (iV,P), 
we consider L = (s|S Ds (s))*L and K 3 = (s\S E °(s))*Kl 
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We now construct a new section 



u : iV -> n DsE6 (N,P)' 

as follows. 

We have that r 3 (s) : O 3 -^ — *• Q over S D4 (s) is an isomorphism and is the null- 
homomorphism over S D5 (s). Furthermore, r 4 (s) : Q A L — > Q over S D5 (s) is an isomor- 
phism and is the null-homomorphism over S D(i (s). Let ep, e(L) and e(K% O ^3) be 
the unit vectors induced from ep, e(L) and e(Kg O Kg), which represents the canoni- 
cal orientation of Kg O Kg, by s respectively. Then by using Lemma 7.3 we define the 
smooth isomorphisms 4> D : Q^L — > Q over S D >'(s) and <p E : 4 -^3 Q over S Ee (s) by 
D (O 4e (-^)) = e P and E (O 2e (-^3 O -K3)) — e P respectively. Then we can find a section 
U<t> : S Ss (s)US^ 6 (s) -> Hom( 1 S 4 ((7r^o S )*(TiV)),(7rp o S )*(TP)) such that u^(a:)[p 4 L a = 
0% for x G S^ s (s) and 4 ^3,* = for x G S^ 6 (s). Since 5^ 5 (s) U S E6 (s) is a 

closed subset and since Hom(S' 4 ((7r^ > os)*(TA r )), (7rp°os)*(TP)) is a vector bundle, we can 
extend u$ arbitrarily to the section : N —> Hom(5 4 ((vr^ o s)*(TN)), (ixf o s)*(TP)). 
Then we define u by 2 = itf o s © as the section of J\N,P) = J 4 (TN,TP). We 
regard m as the section of J°°(N,P) over A/". We prove that 2 G Q D5E(i (N, P). By 
the construction we have that r 4 (u) x = u^x)] O 4 Ac — D |x f° r # £ S D6 (s) and 
rfJ,J 4 ^3,x = 4 ^3,x = S U for x G S^s). For any point x G US^(s), 

let U x be a convex neighborhood of x and let I and be the coordinates of exp Nx (L x ) 
and exp^^i^^) respectively. As in the proof of Lemma 3.1, it follows from the definition 
of D that 

(0%)y P \u( x ) = d%ldt\x) ^ for x G S°>(s), 
(0%)y P \u ix) = d 4 y p /dk\x) ^ for x G S E °(s). 

Hence, we have that u(S E "(s)) C ED 5 (N, P) and u(S E6 (s)) C EE 6 (N, P). It is clear that 
Sz(iV \ (S Es (s) U ^ 6 (s))) C tt D *(N, P). This completes the proof. □ 

Let X = D or E and /_: A" — > P be an fi x -regular map. In this paper the Thorn 
polynomial P(X fe+1 , /) of S Xk+1 (j°° f) refers to the Poincare dual in A" of the fundamental 

class_of S^ 1 * 1 (j°°f). Let W = 1 + W x H h Wj H be the total Stiefel- Whitney class 

and VF be the formal inverse of W. Let [a] denote the greatest integer not greater than a. 

If n — p is odd, then Theorem 0.2 does not hold in general. We have the following 
theorem ([An4, Remark 4.3 and Section 8]). 

Theorem 7.5. Letn = p+1. Let Wj = Wj{TN - f*{TP)). Then 

(1) if f : N — > P is an Q E -regular map, then the Thorn polynomial P(E k+1 , f) of 
S Ek+1 (j°°f) is equal to W k W 2 + W k _ 1 (W 3 + WW 2 ), 

(2) if f : N P is an Q D -regular map, then the Thorn polynomial P(D k+i , f) of 
S Dk+1 (j°° f) is equal to the part of degree k + 2 of the polynomial 

w(W 1 + W 2 ) jjf ^ ~ 2] )^ j + w jjf ^ ~ . 
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Recall that codim£ 2 ' 2 ' 2 (iV, P) = 9 ([B, Theorem 6.1]) and codim£ 3 (iV, P) = 6. By [HI, 
Theorem 7.1], there is an immersion RP 6 - R 7 . Hence, any map / : RP 6 x RP 2 - R 7 
is homotopic to an n E -regular map. We have that PU(RP 6 x RP 2 ) = (1 + a) 7 <g> (1 + b) 3 , 
where a and b are the generators of H 1 (RP G ; Z/(2)) and if^RP 2 ; Z/(2)) respectively. 
By Theorem 7.5 (1), we have that P(Ej, f) = a 6 ®b 2 ^ in this case. This implies that 
we cannot eliminate the sing ularity of type E 7 from / : RP 6 x RP 2 -> R 7 . 

For fi D -regular maps it is not easy to find this kind of examples. By Theorem 7.5 (2), 
we have that P(D 4 , f) = W X W 4 , P(D 5 , f) = P(D 6 , f) = and 

P(D k+1 , f) = W k W 2 + W k ^(W 3 + W X W 2 ) for k = 6,7. 

Since an f2 D -regular map does not have the singularity of type E k , we have by Theorem 
7.5 (1) that P(E k+1 , f) = W k W 2 + W k -i(W 3 + W X W 2 ) = for k = 5, 6, 7. Hence, we have 
that P{D k+1 , f) = for k = 5, 6, 7. 
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